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Abstract-The second Liapunov method serves ss a powerful tool for the investigation of the 
stability of the trivial solution of ordinary differential equations systems and discrete equations sys- 
tems. In the presented paper, a Liapunov-type qualitative approach is used for the investigation of 
asymptotic behaviour of the solutions of systems of discrete equations. Conditions for the existence 
of continuum of solutions, the graphs of which remain within a given prescribed set, are formulated 
for the general systems of discrete equations Azl(!c) = F(k, u(k)). An additional advantage of the 
presented approach consists of the fact that no assumption concerning the existence of the trivial 
solution (or the existence of an equilibrium point) of systems considered is assumed. Moreover, the 
asymptotic behaviour of solutions of some classes of linear difference systems is given by means of 
concrete asymptotic formulae. Several illustrative examples are considered, too. @ 2003 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The second Liapunov method (known as the Liapunov direct method as well) serves not only 
as a powerful tool for the investigation of the stability of the trivial solution of systems of ordi- 
nary differential equations, but also for the investigation of stability of the systems of discrete 
equations [l-4]. A Liapunov type qualitative approach is used in the presented contribution for 
the investigation of asymptotic behaviour of systems of discrete equations. The analogies with 
the notions of the strict ingress point (with respect to a considered domain) and regular type 
set, known in the qualitative theory of ordinary differential equations, are given and are used 
in the method of investigation developed. These notions in the theory of ordinary differential 
equations express not only the property of a corresponding solution to go inside but, at the same 
time, express the property of this solution to stay inside a given (regular) set on a half-open 
interval (closed from the right) with initial point coinciding with the first coordinate of the point 
of strict ingress. An additional advantage of this approach consists of the fact that no assump- 
tion concerning the existence of the trivial solution (or the existence of an equilibrium point) of 
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the systems considered is assumed. Obtained results can be useful, e.g., for the investigation of 
asymptotic behaviour of solutions of discrete equations. Let us remark that the investigation of 
asymptotic behaviour of solutions of discrete equations is always in the centre of interest as well 
as the investigation of their concrete asymptotic formulae (l-131. 
In this paper, we consider the system of discrete equations 
Au(k) = F(k, u(k)) (1) 
with F : N(a) x W” + W”, u = (~1,. . . ,u,), Au(k) = u(k + 1) - u(k) where k E N(a) = 
{a, a + 1,. . . }, a E N is fiued, and N = (0, 1,. . . }. 
The existence and uniqueness of the solution of initial problem (l),(2) where 
u(u + s) = us E R”, s E N, s is fixed, (2) 
on ZV(u + s) is obvious [l, p. 61. Let us recall that the solution u = u(k), k E N(u + s), of the 
initial problem (l),(2) is defined as an infinite sequence of number vectors 
{u(u+s),u(u+s+l),u(ufs+2) ,...) u(u+s+n) )...) 
with u(u + s) = us such that equality (1) holds for any k E N(u + s). 
2. PRELIMINARIES 
Let us define a set Q c N(u) x R” where 
fl = {(ku) : k E N(u), u E R”, hi(k) < ui < ci(k), i = 1,. . . ,n} 
with hi(k), ci(k), hi(k) < ci(k), i = 1,. . . , n being real functions defined on N(u). 
Our aim is to establish some sufficient conditions with respect to the right-hand side of sys- 
tem (1) in order to guarantee the existence of a continuum of solutions u = u(k) defined on N(a) 
with the property: (k, u(k)) c R for each k E N(u). 
Let us define the auxiliary functions 
Bi(k, u) E -ui + hi(k), i=l,...,n, 
G(k,u)Eui-G(k), ,..., n, i=l 
on N(u) x W” and auxiliary sets 
fl; = {(k,u) : k E N(u), u E R”, Bi(k,u) = 0, 
Bj(k,u) 5 0, Ck(k,u) 5 0, for all j, k = 1,. . . ,n, and j # i} , 
i-2; = {(k,u) : k E N(u), u E IR”, Ci(k,u) = 0, 
Bj(k,u)<O,Ck(k,u)<O, forallj,k=l,..., n, andk#i}, 
foreveryi=l,..., n. Then the set R can be rewritten in the form 
R = {(k,u) : k E N(u), u~W~,B;(k,u)<O,Cj’(k,u)<O,i,j=l,..., n} 
and the boundary Xl of the set Cl can be expressed, by definition, as 
aR= (@+J(~at). 
Put 
R(k) = {(k,u) : u E IF, Bi(k,u)<O,Cj(k,u)<O,i,j=l ,..., n}, 
where k E N(u). 
(3) 
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DEFINITION 1. POLYFACIAL SET. The set R, written by means of functions Bi and Ci, i = 
1 I”‘, n, in the form (31, is called a polyfacial set. 
DEFINITION 2. DIAMETER. Let us define, for every fixed k E N(a), the positive number 
DRi(k) = s(k) - b#c), 
called the diameter of the set 
cl,(k) = {(k,u) : u E P, h(k) < u < Q(k)}. 
DEFINITION 3. FULL DIFFEREN’CE OF &(k,u). The full diflerence AB,(k,u) of the function 
&(k,u) (where i E {l,... , n}) at a point M = M(k,u) E 52; with respect to the discrete 
system (1) and the set R is, by definition, computed as 
AW,u)l, = (-Aui + Abi(k))l, = - Au& + Ah(k = -Fi(M) + bi(k + 1) - b$c). 
DEFINITION 4. STRICT INGRESS TYPE POINT. The point M E Cl; (where i E (1, . . . , n}) is 
called the point of the type of strict ingress for the set R with respect to the discrete system (1) 
if 
0 < - ABi(k,u)IM < DDMi(k + 1). (4 
REMARK 1. The geometrical sense of inequality (4) is the following. The left-hand side of it 
shows that 
E(M) - bi(k + 1) + hi(k) > 0 
with M = (k, U) E fig for some i E { 1, . . . , n} or, using (l), 
ui(k + 1) > bi(k + 1) 
if the point M is considered as an initial problem for system (l), i.e., M = (k,u) E (k,u(k)). 
The right-hand side of inequality (4) leads to 
Fi(M) - bi(k + 1) + b(k) < C~(IE + I) - bi(ic + 1) 
with M = (Ic, U) E Rg for some i E { 1, . . . , n} or, using (l), 
Ui(k + 1) < s(k + 1). 
Let us sum up: if (4) holds, then 
a + 1) < Ui(k + 1) < Ci(k + 1) 
or (k + 1, ~(k + 1)) E 0. Therefore, the point M E Rb lying on the boundary dR of the set R is, 
by (l), mapped into the set R. 
By analogy, the following notions are defined. 
DEFINITION 5. FULL DIFFERENCE OF Ci(k,zl). The full diflerence AC+(IC,U) of the function 
C;(k,u) (where i E (1,. . . ,n}) at a point M = M(k, U) E fl& with respect to the discrete 
system (1) and the set R is, by definition, computed as 
ACi(k,u)IM = (AU, - Aci(k))lM = AuilM - Aci(k)lM = Fi(M) - ci(k + 1) + Q(k). 
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DEFINITION 6. STRICT INGRESS TYPE POINT. The point M E Q$ where i E { 1,. . . , n} is called 
the point of the type of strict ingress for the set R with respect to the discrete system (1) if 
0 < - ACi(k,u)lM < DO+ + 1). 
REMARK 2. Similarly as above in Remark 1, we conclude that the point M = (k, u) E 
(k,u(k)) E R& where i E (1,. . . ,n} is, by (l), mapped into the set R, i.e., (Ic + l,u(k + 1)) E R. 
The following two lemmas are obvious. 
LEMMA 1. The point M = M(k,u) E fig (where i E (1,. . . , n}) is the point of the type of strict 
ingress for the set R with respect to the discrete system (1) if and only if 
bi(k + 1) - b(k) < E(M) < ci(k + 1) - qk). 
LEMMA 2. The point M = M(k,u) E S2$ (where i E (1,. . . , n}) is the point of the type of strict 
ingress for the set R with respect to the discrete system (1) if and only if 
bdk + 1) - cdk) < E(M) < ci(k + I) - ci(k). 
DEFINITION 7. REGULAR POLYFACIAL SET. The polyfacial set R is called the regular polyfacial 
set with respect to the discrete system (1) if 
bi(k + 1) -hi(k) < &(k,u) < Ci(lc + 1) - b#c) (5) 
foreveryi=l,..., n and every (k, u) E s2g and if 
bi(k + 1) - Q(k) < Fi(k, u) < Ci(k + 1) - Ci(IC) (6) 
foreveryi=l,..., n and every (Ic, u) E @. 
REMARK 3. The boundary aR of a regular polyfacial set consists, as follows from Lemmas 1 
and 2, only of the points of the type of strict ingress for the set 0 with respect to the discrete 
system (1). 
DEFINITION 8. LIAPUNOV TYPE POLYFACIAL SET. We say that the polyfacial set R is Liapunov 
type with respect to the discrete system (1) if 
bi(k + 1) < ui + E(k,u) < c$c + 1) (7) 
foreveryi=l,..., n and every (k,u) E R. 
THEOREM 1. Let us suppose that the polyfaciai set Cl is a regular polyf&iaI set with respect to 
the discrete system (1). Let, moreover, the function 
Gi(w) E w + Fi(k, ul,. . . ,uiel, w, u;+~, . . . , un) (8) 
be monotone on ni(k) for every fixed k E N(a), each fixed i E (1,. . . , n}, and every (~1,. . . , ui-1, 
Q+~, . . . , u,) such that (k, ul, . . . , ~~-1, w, ui+l, . . . , IL,,) E a. Then the set Cl is a Liapunov type 
poiyfacial set. 
PROOF. Let, e.g., the Gi(w) be a nondecreasing function on ai( Then for each fixed k E N(a) 
and every (~1,. . . ,ui-l,ui+l,. . . ,u,) such that (k,ul,. . . ,ui-l,w,ui+l,. . . ,u,) E fi, 
Gi(W)(w=bi(q I G(w)1 w~ni(tc) L GWlw=c,(~ 
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or, in view of (8), 
Due to the left-hand side of inequality (5) and the right-hand side of inequality (6), we conclude 
that 
and 
s(k) + Fi(k41(k,ZL)Ef& < Ci(k + 1). 
These inequalities, together with (9), imply the desired inequalities (7). 
The case when the function Gi(ur) is, for a fixed k E N(a) and an i E (1,. . . , n}, nonincreasing 
can be investigated similarly with the aid of the right-hand side of inequality (5) and the left-hand 
side of inequality (6). This completes the proof. I 
3. LIAPUNOV TYPE RESULTS 
The following theorem is a straightforward consequence of the Liapunov type reasoning. 
THEOREM 2. Let hi(k), ci(k), hi(k) < q(k), i = 1,. . ., n, be real functions defined on N(a) and 
F: N(a)xlP+EP. Let the polyfacial set s2 be Liapunov type polyfacial set. Then every initial 
problem 
\ 
u(a) = U* (10) 
with U* E n(a) defines the solution u = u*(k) of system (1) satisfying the relation 
u*(k) E R(k) (11) 
for every k E N(a). 
PROOF. Let us suppose that the initial problem (lo), generating solution u = u*(k) of system (1) 
satisfying inequalities (ll), does not exist. This means, in other words, that for any value u* 
such that U* E R(a), there exists an integer k* E N(a + 1) such that for corresponding solution 
u = u*(k), U*(a) = u*, we have (k*, u*(k*)) 6 R and, moreover, 
(a + 1, u*(a + 1)) E Cl, 1 = 0, 1, . . . , k* - a - 1. 
But, in view of inequalities (7), (k*, u* (k*)) E a. This contradicts our assumptions and completes 
the proof. I 
Theorem 2 can be generalized in the following way. As follows directly from its proof, the 
assumptions with respect to the function F were used only for points (k,u) E fl, although they 
were supposed to be valid on N(a) x W”. Therefore, we reformulate this theorem. 
THEOREM 3. Let hi(k), ci(k), hi(k) < ci(k), i = 1,. . . ,n, be real functions defined on N(a) and 
F : N(a) x R + W” where Cl is of Liapunov type polyfacial set with respect to the discrete 
system (1). Then every initial problem u(a) = u* with u* E n(a) defines the solution u = u*(k) 
of the discrete system (1) satisfying the relation u*(k) E R(k) for every k E N(a). 
The proof of the next theorem, which is omitted, immedkkely follows from Theorems 1 and 3, 
and from the analysis of the proof of Theorem 2. 
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THEOREM 4. Let h(k), ci(k), hi(k) < ci(k), i = l,... , n, be real functions defined on N(a) and 
F : N(a) x fi + R” where Q is a regular polyfacial set. Let, moreover, the polyfacial set R be 
regular with respect to the discrete system (11, and the function 
Gi(w) ZE w + Fi(k, ul,. . . ,‘LL+.~, w, ZL~+~, . . . , u,) 
be monotone on ai for every fixed k E N(a), each fixed i E (1,. , . ,n}, and every (IQ,. . . , 
ui-1, %+1, . . ., +) such that (k, ~1,. . . , q-1, w, ui+l, . . . , IL,) E 0. Then every initial problem 
U(U) = U* with U* E n(u) defines the solution ‘1~ = u*(k) of the discrete system (1) satisfying the 
relation 
for every k E N(a). 
u*(k) E Q(k) (12) 
EXAMPLE 1. Consider the nonlinear discrete equation 
Au(k)=&+@)+;), kcN(a), 
where a > 0 is supposed to be a suficiently large integer. Let us prove (with the aid of Theorem 4) 
that every initial problem U(U) = U* with 
$<u*<1 
U 
defines the solution u = u*(k) of the discrete equation (13) satisfying the inequalities 
;<u*<; (14 
for every k E N(u). 
Put 71 = 1, Fl(k,u) E u(k)1’2(-u(k) + l/k) and define 
s1 = {(k,U) : k E N(u), u E Ill, &(k,zl) < 0, C,(k,,u) < 0} 
with 
Bl(k,zl) = --‘LL+ bl(k), by = &, and G(k,u) = ‘11 -s(k), q(k) - ;. 
Let us show that the set R is a regular polyfacial set with respect to the discrete equation (13). 
To do this, we need to verify that the inequalities (5) and (6) in Definition 7 above hold (suppose 
a+m), 
(Fl(k u) - h(k + 1) + h(k))l(~,,),n:, = 
= &Cl + 4)) > 0, 
(Fl(ku) -cl(k+ 1) +W))l(~,,),n:, = &(~+~)-&+&=~(l+o(l))<o, 
(Fl(k,4 - h(k + 1) + cdk))l(~,,),n:, = ~(~+&&)+~=$(‘+“(‘))>0, 
and 
Fi(kuzL) -cl@ + 1) + s(Wl(k,,),n:, = ~(~+~)-~+~=~(l+o(l))<o. 
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So Definition 7 holds and the set R is a regular polyfacial set with respect to the discrete equa- 
tion (13). Finally, we verify that the function 
G(w)=w+,h -w+i 
( > 
is an increasing function on 
al(k)= (k,u):uEW, zt,iw; 
{ > 
for every fixed k E N(a). This holds since, for every ti E nr(k), 
c’(zu)=l-++& 3 ?+I>0 
>l-, k 2a J 
for a + co. All assumptions of Theorem 4 hold, and its conclusion leads to inequality (14). 
4. ASYMPTOTIC BEHAVIOUR OF THE GENERAL SOLUTION 
OF A LINEAR NONHOMOGENEOUS DISCRETE SYSTEM 
The main goal of our investigation here will be to establish an asymptotic formula for the 
behaviour of a general solution of a linear nonhomogeneous system of discrete equations. Suppose 
that system considered has the form 
Au(k) = A(k)+) + s(k), k E N(a), (15) 
where A(k) = (aij(k))tjzl is n x n real matrix, aij : N(e) + R, i,j = 1,. . . ,n, and g(k) = 
h(k), . . . , s,(k)), g : N(a) 4 IIF. 
In the following, we suppose det A(k) # 0 for every k E N(a). Let us define the vector 
w(k) = -A-l(k)g(k), k E N(a), 
where A-l(k) is the inverse matrix with respect to the matrix A(k). Moreover, let us define the 
vector f(k) = (fl(k), . . . , in(k)) where k E N(a) such that 
all(k) .e. qi-l(k) Awl(k) qi+l(k) ... a&> 
f;(k) = m-.-i- . w(k) .e. a+-l(k) &t(k) az,i+l(k) ... azn(k) ,-Jet&k) . . . . . . . . . . . . . . . . . . . . . ’ 
w(k) +-. an+-l(k) Awa(k) an,i+l(k) ... am(k) 
In other words, the vector f is for every k E N(a) the unique solution of the system of linear 
equations 
A(k)f (k) = Au(k). (16) 
THEOREM 5. Let us suppose that for every k E N(a), we have the foflowjng. 
(1) detA(k) # 0. 
(2) fi(k) > 0, Afi(k) 2 0, aii(k)fi(k) + fi(k + 1) 2 0, aii(k)fi(k) + fi(k) - Awi(k) L 0, and 
Awi(k) 5 0 with i = 1,. . . ,p, 0 5 p 5 n. 
(3) fi(k) < 0, Afi(k) I 0, aii(k)fi(k) + fi(k + 1) 5 0, aii(k)fi(k) + fi(k) - Awi(k) 5 0, and 
Awi(k).L 0 with i = p + 1,. . . ,p + s, p + s = n, 0 < s 5 n. 
(4) aij(k) 2 0 with 
(a) i, j = 1,. . . ,p and i #j, 
(b) i,j=p+l,..., nandi#j. 
(5) aij(k) 5 0 with 
(a) i=l,.. .,p;j=p+l,..., n, 
(b) i=p+l,..., n;j=l,... ‘,p. 
(6) ~jn,l,jfi laij(k)l > 0 for every i = 1,. . . ,n. 
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Then every initial problem U(U) = U* with 
+(a) < uf < L&(u) + ji(U), i=l ,-**,I4 
Wi(U) + fi(U) < u; < bJi(U), i=p+l,...,n, (17) 
defines the solution u = u*(k), k E N(u), of the discrete system (15) such that the inequalities 
q(k) < u;(k) < wi(k) + fi(k) (18) 
hold for every i = 1 , . . . ,p and k E N(a) and the inequalities 
wi(k) + fi(k) < u:(k) < wi(k) (19) 
hold for every i = p + 1, . . . ,n and k E N(u). 
PROOF. We will apply Theorem 4 if 
Fi(k,u) = &ij(k)uj(k) + s(k), i=l,...,n. 
j=l 
Let us show that the set 
R = {(k,u) : k E N(a), &(k,u) < 0, Cj(k,u) < 0, i,j = 1,. . . ,n}, 
where 
Bi(k, u) = -pi + hi(k), with hi(k) E wi(k), i = 1,. . . ,p, 
&(k, u) = --‘all + hi(k), withbi(k)=wi(k)+fi(k), i=p+l,...,n, 
Ci(k,u) = ‘Eli -q(k), with ci(k) = wi(k) + fi(k), i = 1,. . . ,p, 
Ci(k,u) = ui -q(k), with ci(k) E wi(k), i=p+l,...,n, 
is a regular polyfacial set with respect to the discrete system (15). Since, by condition (1) of 
Theorem 5, 
Fi(k,u) = &&i&(k) +gi(k) = &(k)[uj(k) -q(k)], i=l,...,n, k E N(a), 
j=l j=l 
it is necessary (in accordance with (5) and (6)) to show that 
F,(k,zL)-bi(k+l)+b,(k)=~uv(k)luj(k)-wj(k)]-bi(k+1)+bi(k)>o, (20) 
j=l 
&(k,u) - c& + 1) + hi(k) = &(k)[q(k) -q(k)] - ci(k + 1) + hi(k) < 0, (21) 
j=l 
foreveryi=l,..., n and every (k, U) E oh, and 
Fi(k,u) - ci(k + 1) + ci(k) = &(k)[uj(k) -q(k)] - q(k + 1) + c&k) < 0, 
j=l 
(22) 
&(k,4 - &(k + 1) + ci(k) = &ij(k)[uj(k) -q(k)] - bi(k + 1) + G(k) > o, 
j=l 
(23) 
foreveryi=l,..., n and every (k,u) E a&. 
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With respect to inequality (20)) for every i = 1, . . . , p and every (k, U) E 5-I;) we get 
&zij(k)[uj(k) -uj(k)] -bi(k+ 1) +bi(k) = &j(k)[~j(k) -wj(k)] -wi(k+l) +wi(k) 
j=l j=l 
= [in view of the definition of S&, (ui(k) = wi( k))] 
= 2 aij(k)[Uj(k) - Wj(k)] - AU,(k) 
j=l,j#i 
> [in view of the conditions (4)-(6)] 
> 2 aij(k)[wj(k) -~j(k)] - A~i(k) 
j=l,j#i 
= -Au,(k) > [in view of condition (2)] 2 0. 
With respect to inequality (21), for every i = 1,. . . ,p and every (k, u) E fig, we get 
kaij(k)[uj(k) -uj(k)] - ci(k + 1) + h(k) 
j=l 
=&~j(k)[~j(k)-~j(k)]-wi(k+l)-f,(k+l)+wi(k) 
j=l 
= [ in view of the definition of $, (q(k) = q(k))] 
= 2 Uij(k)[Uj(k) - Wj(k)] - Awi(k) - fi(k + 1) 
j=l,j#i 
< [in view of conditions (4)-(6)] 
n 
< j=~+ia~j(k)l~j(k) + fj(k> -uj(k)l- AwiCk) - fi(k + 1) 
= f: uij(k)fj(k) - h(k) - .fi(k + 1) 
j=l,j#i 
= [in view of (IS)] = -uii(k)fi(k) - fi(k + 1) 5 [in view of condition (2)] 5 0. 
With respect to inequality (20), for every i = p + 1,. . . , n and every (k, u) E i2g, we get 
eaij(k)[uj(k) -uj(k)] -bi(k+l) +bi(k) 
j=l 
=f:~,(k)[~j(k)-w,(k)] -ui(k+l)-fi(k+l) +wi(k)+fi(k) 
j=l 
= C in view of the definition of a$, (ui(k) = q(k) + fi(k))] = 2 aij (k) h(k) - wj (k)l 
j=l,j#i 
+ aii(k)fi(k) - Aw(k) - Ah(k) > [ in view of conditions (4)-(6)] 
> 2 uij(k)[uj(k) + fj(k) -wj(k)] +aii(k)fi(k) - Aui(k) - Afi(k) 
j=l,j#i 
= euij(k)fj(k) - Awi(k) - Afi(k) = [in view of (IS)] 
j=l 
= -Aj;(k) 2 [in view of condition (3)] > 0. 
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With respect to inequality (21), for every i = p + 1,. . . , n and every (Ic, u) E fig, we get 
~U,(k)[Uj(lc) - Wj(k)] - Ci(k + 1) + b(k) 
j=l 
= gUij(k)[zl,(k) -wj(k)] -Wi(k+ 1) +Wi(k) +fi(k) 
j=l 
= m view of the definition of Ri, (pi = wi(k) + fi(k))] [’ 
= 2 Uij(k)[uj(k) - Wj(k)] + Qi(k)fi(k) -wi(k + 1) + wi(k) + fi(k) 
j=l, j#i 
< [in view of the conditions (4)-(6)] 
= ~(k)fi(lc) - Awi(k) + fi(k) 5 [in view of condition (3)] 5 0. 
With respect to inequality (22), for every i = 1,. . . , p and every (k, U) E a&, we get 
e%j(k)[Uj(k) -Wj(k)] -Ci(k+ 1) +Ci(k) 
j=l 
= k”G(k)bj(k) -Wj(k)] -Wi(k+ 1) - fi(k+ 1) +wi(k) +fi(lc) 
j=l 
n 
= [in view of the definition of C&, (ui(k) = wi(k) + f;(k))] = c aij(k)[uj(lc) - wi(k)] 
j=l, j#i 
+ ~(k)fi(k) - AN(~) - A.fi(k) < [ in view of the conditions (4)-(6)] 
< 2 uij(k)[wj(k) + .fj(k) -Wj(k)] +uii(k)fi(k) mAwi - A,fi(k) 
j=l,j#i 
= kaij(k)fj(k) - Aw,(~) - Afi(k) = [in view of (IS)] 
j=l 
= -Afi (k) 5 [in view of condition (2)] 5 0. 
With respect to inequality (23), for every i = 1,. . . , p and every (k, 2~) E R&, we get 
kUij(k)[zlj(k) - Wj(k)] - bi(k + 1) + Q(k) 
j=l 
=~Uij(k)[ZLj(k)-Wj(k)]-Wi(k+l)+Wi(k)+f,(k) 
j=l 
= [in view of the definition of Cl& (pi = wi(k) + fi(k))] 
> [in view of the conditions (4)-(6)] > 2 uij(k)[wj(k) - wj(k)l 
j=l, j#i 
+ uii(k)fi(k) - b(k) + h(k) = aii(k)fi(k) - h(k) + h(k) 
2 [in view of condition (2)] > 0. 
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With respect to inequality (22), for every i = p + 1,. . . ,n and every (k,u) E a&, we get 
&j(k)kJj(k) - Wj(k)] - Ci(k + 1) + Ci(k) = &j(k)[Uj(k) - Wj(k)] -w& + 1) + w#c) 
j=l j=l 
= [in view of the definition of s&, (ui( k) = wi(k))] 
= 2 uij(k)[uj(k) - wj(k)] - AU@) 
j=l,j#i 
< [in view of the conditions (4)-(6)] 
< 2 aij(k)[uj(k) - Wj(k)] - Awi(k) 
j=l,j#i 
= -AU,(~) 5 [in view of condition (3)] 5 0. 
Finally, with respect to inequality (23), for every i = p + 1, . . . , n and every (k, u) E C&, we get 
.e Gj(k)[Uj(k) - Wj(k)] - bi(k + 1) + S(k) 
j=l 
=~aij(k)[u,(k)-w,(t)]-wi(k+l)-f,(k+l)+wi(L) 
j=l 
= [in view of the definition of a&, (ui(Jc) = We)] 
= 2 Uij(k)[Uj(k) - Wj(k)]- Ami - fi(k + 1) 
j=l,j#i 
> [in view of the conditions (4)-(6)] 
> 2 Gj(k)[uj(k) + .fj(k) - uj(k)] - A~i(k) - fi(k + 1) 
j=l,j#i 
= 2 uij(k)fj(k) - Aui(k) - fi(k + 1) 
j=l,j#i 
= [in view of (16)] = -%(k)fi(k) - fi(Jc + 1) 2 [in view of condition (3)] 2 0. 
So the set 52 is a regular polyfacial set with respect to the discrete system (15). Moreover, each 
function 
Gi(w) = w + aii(k)w + 2 uij(k)uj f%(k), i=l,...,n, 
j=l,j+ 
is monotone since its derivative 
G:(k) = 1 + uii(k) 
preserves sign for every fixed k E N(a). All conditions of Theorem 4 hold. From its conclusion 
(relation (12)), ‘t f 11 1 o ows that every initial data satisfying (17) d e fi nes the solution u*(k) satisfying 
inequalities (18) and (19). This completes the proof. I 
Due to linearity of system (15), the following corollary, which generalizes the affirmation of 
Theorem 4, holds. 
COROLLARY 1. BEHAVIOUR OF GENERAL SOLUTION. Let Theorem 4 hold. Then, for each fixed 
solution u = u**(k), k E N(u), of th e d iscrete system (15), there exists an integer d* > a such 
that the inequalities 
w(k) < u;*(k) < w&) + fi(lc) 
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hold for every i = 1 , . . , ,p and k E N(a**) and the inequalities 
a(k) + fi(k) < u;*(k) < e(k) 
holcIforeveryi=p+l,..., n and k E N(a**). Moreover, if for every i = 1,. . . , n, 
. f,(k)=0 
/c&a wi(k) ’ 
then every solution u(k) of system (15) satisfies the asymptotic relations 
ui(k) = wi(k)(l + o(l)), i=l,...,n. 
EXAMPLE 2. Let us consider a linear discrete system of equations 
&l(k)=-($(k)+($)uz(k)+$, 
Auz(k)= (-$&l(k)- (&)uz(k)+$ 
(24) 
In this case for k E N(a) with a 2 5, 
detA(k) = i # 0, 
q(k) = k > 0, 
Awl(k) = 1 > 0, 
Aw2(k) = 3 > 0, 
fi(k) = fi(k) = -& < 0, 
A.fi(k) = Afs(k) = -&?I+ & < 0, 
all(k)fl(k) + fl(k) - Awl(k) = 1 - & < 0, 
az(k)Jz(k) + b(k) - Awz(k) = 2 - fi < 0, 
all(k)fl(k) + fl(k + 1) = 2 - m < 0, 
azz(k)fz(k) + fi(k + 1) = : - &?i < 0. 
All conditions of Theorem 5 hold for n = 2, p = 0, s = 2, and, consequently, each solution of the 
initial problem u(a) = u* with 
a-JTi<uu;<a, 
2 2 
3a-&<u; < ?a, 
defines the solution u = u*(k), k E N(a), of the discrete system (24) such that the inequalities 
k - fi < u;(k) < k, 
;k - & < u;(k) < ;k 
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hold for every k E N(a). As it follows from Corollary 1, asymptotic behaviour of every solution 
u = (~1, ug) of the discrete system (24) is, for k -+ 00, given by formulae 
w(k) = W + o(l)), 
uz(k) = ;k(l + o(l)). 
EXAMPLE 3. Let us consider a linear discrete system of equations 
*w(k) = - z ( ’ )ul(k)- (-j&(k)+& 
A~s(k)=-(&)~i(k)-(-$)~2(k)+& 
(25) 
In this case, for k E N(a) with a 2 1, 
detA(k) = & # 0, 
q(k) = -k < 0, 
w2(k) = k > 0, 
Awl(k) = -1 < 0, 
Aw2(k) = 1 > 0, 
fi(k) = 6x4 > 0, 
h(k) = ( > 
5x4 
-2 < 0, 
Af,(k)=Ga-6&>O, 
Af2(k) = -(5m + (5&l < 0 
2 - 7 2 
all(k)fi(k) + fl(k) - Awl(k) = -5 + 64 > 0, 
azz(k).h(k) + h(k) - *a(k) - - - ( > 
3 54 
= 2 2 < 0, 
uIl(k)f~(k)+fi(k+l)=-6+6->00, 
a(k)fi(k) + fi(k + 1) = ; - 
(5&x) 
2 < 0. 
All conditions of Theorem 5 hold for n = 2, p = 1, s = 1, and, consequently, each solution of the 
initial problem U(U) = U* with 
--a<~;<--a+6& 
5 
a---J;I<uG<a, 
2 
defines the solution ‘1~ = u*(k), k E N(a), of the discrete system (25) such that the inequalities 
-k < u;(k) < -k + 6x4 
k - ifi < u;(k) < k 
hold for every k E N(a). As follows from Corollary 1, asymptotic behaviour of every solution 
u = (‘1~1,~s) of the discrete system (25) is, for k -+ co, given by formulae 
w(k) = -k(l + o(l)), 
w(k) = k(l + o(1)). 
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5.CONCLUDING REMARKS (A COMPARISON OF THE 
DISCRETE CASE WITH THE CONTINUOUS CASE) 
(a) Discrete and Continuous Regular Polyfacial Sets 
Let us consider a system of ordinary differential equations (ODES) 
Y’ = f(x, Y) (26) 
with continuous and locally Lipschitzian vector-function f : [a, oo) x R” + Iw” and with y = 
(Yl,.. . , y,). Define a set aoDE c [a, co) x W” as 
noDE = ((5, y) : x E [a, cm), Tqx, y) < 0, i = 1,. . . ) 1}, 
where 1 is a positive integer and ni : [a, oo) x W” + JR (i = 1, . . . ,1) is a continuously differentiable 
function. Then, 
~QODE - _ u @'D&i 
i=l 
with 
nODEti = {(x,y) : 2 E [u,oo), ?-bi(X,Y) = 0, nj(x: y) 5 0, j = 1,. . . ,z, j # i}. 
In the theory of ODES, the notions of a point of ingress and a point of strict ingress of 
the set !AoDE with respect to the system of ODES (26) are often used. For the corresponding 
definitions of these notions, we refer, e.g., to the book [14]. It can be shown easily that a point 
(x*, y*) E XPDE is a point of a strict ingress if the full derivative of function ni(z, y) (where the 
index i is taken in accordance with the condition (z*, y*) E QoDEvi c aRoDE) with respect to 
system (26) is at this point negative, i.e., if 
dni(x, Y) = ani(x7Y) ’ dni(xc,Y> 
dx (S',Y') i3X +’ &/j 
< 0. (27) 
(z*,Y*) j=l (r*>Y*) 
In this case, we call the set floDE a regular polyfuciul set for system of ODES (26) (nevertheless, 
this set is only is a partial case of the general definition of the regular polyfacial set for a system 
of ODES (26)). Th e next known result will be used in the following theorem. 
THEOREM 6. LIAPUNOV TYPE THEOREM. Suppose that the set QoDE is a regular polyfacial 
set for system of ODEs (26). Then every initial problem for the system of ordinary differential 
equations (26), 
Y(U) = Y*l (a, y*) E ilODE, 
generates the solution y = y*(x) with the property 
(x, y*(x)) E noDE 
on interval [a, co). 
The following example shows that the definition of discrete analogy of regular set cannot be 
motivated only by inequalities (27), i.e. (in the discrete case), only by the inequalities 
bi(k + 1) - hi(k) < F&u) cw 
foreveryi=l,..., n and every (k, U) E C& and 
Fi(k,U) < Q(k + 1) - Ci(k) (29) 
foreveryi=l,... , n and every (k, U) E 52&, instead of inequalities (5),(6). 
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EXAMPLE 4. Let us consider a scalar discrete equation 
Au(k) = -(l + k)u(k), k E N(a), a > 1. 
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(30) 
Let us define (for n = 1) the set 
R = {(k, u) : k E N(a), u E R, Bl(IC,zL) < 0, Cl(Ic,U) -co> 
with Br(k,u) = -u+br(k), br(k) = -1, and Cr(lc,u) .= u-cl(k), cl(k) = 1, i.e., define a “strip” 
R = {(k,u) : lc E N(a), u E R, -1 < u < 1). 
Then, 
a-l = {(k,u) : lc E N(u), u E Et, (u - l)(u + 1) = 0). 
Let us compute the full differences of the functions Br(k, u) and Cr(lc, u) in accordance with 
Definitions 3 and 5 at every point of Xl with respect to the discrete equation (30) and the set R. 
Direct computation gives 
and 
GWLl(~) = (-(1 + +(~))l,,,l~k) = -(I + k) < 0. 
However, it is false to conclude that every initial point 21(a) = u* with 
(a,d) E !i-l (31) 
generates solution u = u*(k) with the property (k, u(k)) ,E 52 for every k E N(u). Really, it is easy 
to see that the solution of discrete equation (30) with initial data (31) is given by the formula 
u(k) = (-ly+“u(u + 1). . . (k - l)U*, fc E N(u + l), 
and just one solution corresponding u* = 0 will stay in the indicated “strip” 0. At the same 
time, for a differential equation of the form similar to (30), 
Y’(X) = -Cl+ X)Y(X)l x E [a,m), (32) 
and for the polyfacial set 
noDE = {(x, y) : 2 E [u,m), n1(x,y) < 0) 
with nr(k,u) = y2 - 1 we get (z > a > 1) 
h(G Y) = 
dx (~,YWR 
-2U + Z)Y21yL1 = -2(1+ x) < 0. 
Consequently, by Theorem 6, every initial problem y(u) = y* with Iy*l < 1 generates solution 
y = y*(x) of (32) such that Iy*(x)l -< 1 f or 2 2 1. So, using inequalities (28),(29) is, in the 
discrete case, not enough for defining a regular polyfacial set. 
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(b) Discrete Regular Polyfacial Set without Monotony Property 
The assumption that the polyfacial set R itself is regular does not give, without certain addi- 
tional assumptions (as they are given, e.g., in Theorem 4), a guarantee that for solution u = u*(k), 
k E N(a), of system (1) with ( a, u*(a)) E R the relation (k, u*(k)) E 52 holds for every k E N(a). 
The validity of inequalities (5),(6) is also not sufficient condition for this. Let us consider a 
corresponding example. 
EXAMPLE 5. Construct the equation 
Au(k) = F(k, u(k)), k E N(a), 
with continuous (but not monotone with respect to u) right-hand side as follows. Put 
F(k,u) = ; - u, 
ifk=aand 
(33) 
if k > a. Define the set 
R = {(k,u) : k E N(a), u E Et., &(k,u) < 0, C1(k,u) < 0} 
with &(k,u) = -u + bl(k), bl(k) = -1, and Cl(k,u) = u - cl(k), cl(k) = 
this set is a regular polyfacial set with respect to equation (33). Indeed, in 
Definition 7 we get, for k = a (n = 1, FE FI), 
1 and show that 
accordance with 
(Fl(ku) - h(k + 1) + h(k))l,=,l(k) = ; > 0, 
(Ji(k,u) - s(k + 1) + h(k))l,,,l(,) =-f <o, 
Vi@,4 - h(k + 1) + cl(k))l,,,,(k) = ; > 0, 
Pl(h4 - cl(k + 1) + sIWl,=,,c~, =-;.o. 
For k > a, we have 
(Fl(k,u) - bl(k + 1) + WWl,,,I(,) = 1 ’ 0, 
(Fl(k,u) - s(k + 1) + hWl,+(,) = -1 < O, 
Vi(k,u) - h(k + 1) +c~(Wl,=,~(~) = ; > 0, 
(Fl(k,u) -cl@ + 1) + cl(k))l,=,,(k) = -f < 0. 
Consequently, fl is the regular polyfacial set. Consider the solution u = u*(k), k E N(a), of 
equation (33) with (a,u*(a)) E R. Then 
u*(a+l)=u*(a)++*(a)=;, 
u*(a + 2) = u’(a + 1) + $&*(, + 1) - ; = -5, 
u*(a+3)=u*(u+2)+$*(a+2)-;=-~ < -1. 
So (u + 3,u*(a + 3)) 4 M for every initial data (a, u*(a)) E R. 
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(c) Continuity of the Right-Hand Sides 
In our previous investigation [15,16], the continuity of the right-hand sides with respect to 
dependent variables of systems considered was supposed in order to apply successfully a retract 
idea. Note that the continuity of the right-hand side of system (1) with respect to the second 
argument was not supposed in the presented investigation. Continuity of the right-hand side 
implies the continuous dependence of solutions on initial data (see, e.g., [l, p. 222)). This property 
was not necessary in the proof ofiTheorem 2. Example 5 shows simultaneously that the continuity 
of the right-hand side of equation (33) cannot serve as the additional assumption (to assumption 
concerning existence of a regular polyfacial set) which gives a guarantee that (k, u*(k)) E R for 
every k E N(a). 
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